On the Sormani-Wenger Intrinsic Flat Convergence of Alexandrov Spaces by Li, Nan & Perales, Raquel
ar
X
iv
:1
41
1.
68
54
v3
  [
ma
th.
M
G]
  1
9 S
ep
 20
18
ON THE SORMANI-WENGER INTRINSIC FLAT CONVERGENCE OF
ALEXANDROV SPACES
NAN LI AND RAQUEL PERALES
Abstract. We study sequences of integral current spaces (X j, d j, T j) such that the integral
current structure T j has weight 1 and no boundary and, all (X j, d j) are closed Alexandrov
spaces with curvature uniformly bounded from below and diameter uniformly bounded
from above. We prove that for such sequences either their limits collapse or the Gromov-
Hausdorff and Sormani-Wenger Intrinsic Flat limits agree. The latter is done showing that
the lower n dimensional density of the mass measure at any regular point of the Gromov-
Hausdorff limit space is positive by passing to a filling volume estimate.
In an appendix we show that the filling volume of the standard n dimensional integral
current space coming from an n dimensional sphere of radius r > 0 in Euclidean space
equals rn times the filling volume of the n dimensional integral current space coming from
the n dimensional sphere of radius 1.
Introduction
Burago, Gromov and Perelman proved that sequences of Alexandrov spaces with cur-
vature uniformly bounded from below, diameter and dimension uniformly bounded from
above, have subsequences which converge in the Gromov-Hausdorff sense to an Alexan-
drov space with the same curvature and diameter bounds. The properties of Alexandrov
spaces and their Gromov-Hausdorff limit spaces have been amply studied by Alexander-
Bishop [1], Alexander-Kapovitch-Petrunin [2], Burago-Gromov-Perelman [5], Burago-
Burago-Ivanov [4], Li-Rong [15], Otsu-Shioya [20], and many others.
The Gromov Hausdorff distance between two metric spaces, Xi, is defined as,
(0.1) dGH (X1, X2) = inf{dZH (ϕ1 (X1) , ϕ2 (X2))},
where dZ
H
denotes the Hausdorff distance and the infimum is taken over all complete metric
spaces Z and all distance preserving maps ϕi : Xi → Z, [7]. Sormani-Wenger’s intrinsic
flat distance between integral current spaces is defined in imitation of Gromov-Hausdorff
distance: it replaces the Hausdorff distance dH by Federer-Fleming’s flat distance dF [27].
The notion of flat convergence was first introduced in work by Whitney [30] and extended
to integral currents on Euclidean space by Federer-Fleming [6]. Then the notion of inte-
gral current on Euclidean space was extended by Ambrosio-Kirchheim to integral currents
on complete metric spaces [3]. Sormani-Wenger proved that sequences of n dimensional
integral current spaces that are equibounded and have diameter and total mass uniformly
bounded from above have subsequences that converge in both Gromov-Hausdorff and in-
trinsic flat sense. Either the intrinsic flat limit is contained in the Gromov-Hausdorff limit
or the intrinsic flat limit is the zero integral current space [27, Theorem 3.20]. For example,
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a sequence of collapsing tori converges in Gromov-Hausdorff sense to a circle. Since the
Hausdorff dimension of the circle does not coincide with the Hausdorff dimension of the
tori, the intrinsic flat limit is the zero integral current space.
The intrinsic flat and Gromov-Hausdorff limits have been proved to agree under certain
special conditions. Sormani-Wenger proved that the Gromov-Hausdorff and intrinsic flat
limits agree for compact oriented sequences of n dimensional Riemannian manifolds that
have nonnegative Ricci curvature, volume uniformly bounded from below and from above
by positive constants and a uniform diameter bound [26, Theorem 7.1]. The second author
showed a similar result for manifolds with boundary [22]. Matveev-Portegies provided
a new proof of Sormani-Wenger’s aforementioned result that allows for any lower Ricci
curvature bound [16]. In a more general setting and with different techniques, Honda ob-
tains as a corollary Matveev-Portegies result [12]. Portegies-Sormani proved a Tetrahedral
Compactness Theorem which shows that both limits agree for sequences of spaces that
satisfy uniform tetrahedral property bounds [24]. The second author with NunezZimbron
extended the notion of tetrahedral property and proved a Generalized Tetrahedral Com-
pactness Theorem [19].
The intrisic flat distance has also been studied by Jaramillo et al [13], Lakzian [14],
Munn [18], Portegies [23] and the author [21], to mention a few. Gromov proposes to use
intrinsic flat distance to solve some of his conjectures [10], [11].
Before stating our theorem we recall that Sormani-Wenger [27] defined integer recti-
fiable current spaces, (Y, d, T ), which are oriented countably Hn rectifiable metric spaces
(Y, d) with an n dimensional integer current structure T on Y¯ that satisfies the condition:
Y = {y ∈ Y¯ : lim infr→0 ||T ||(Br(y))/rn > 0}, where ||T || is the mass measure of T . Note
that an integer rectifiable current, T , is determined by the orientation and chart structure of
(Y, d) and an integer valued Borel weight function which in turn determines the mass mea-
sure ||T ||. An integral current spaces (Y, d, T ) is an integer rectifiable current space whose
boundary ∂T is an integer rectifiable current. In this paper we assume that the Borel weight
function determining the integral current structure is 1, in the sense of Definition 3.11, and
that there is no boundary, ∂T = 0.
Theorem 0.1. Let (X j, d j, T j) be n dimensional integral current spaces with weight one
and ∂T j = 0. Suppose that (X j, d j) are closed Alexandrov spaces with curvature bounded
below by κ ∈ R and diam(Xj) ≤ D. Then either the sequence converges to the zero integral
current space in the intrinsic flat sense
(0.2) (X j, d j, T j)
F−→ 0
or a subsequence converges in the Gromov-Hausdorff sense and intrinsic flat sense to the
same space:
(0.3) (X jk , d jk)
GH−→ (X, d)
and
(0.4) (X jk , d jk , T jk )
F−→ (X, d, T ).
The proof of Theorem 0.1 is an adaptation to Alexandrov spaces of Sormani-Wenger’s
proof of the same result for Riemannian manifolds with nonnegative Ricci curvature.
Hence, to overcome the potential problem coming from the fact that the mass measure
is lower semicontinuous with respect to intrinsic flat distance we work with the notion
of filling volume which is continuous with respect to the aforementioned distance. For
more details see Appendix A. The proof applies work of Burago-Gromov-Perelman [5],
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Portegies-Sormani [24], Ambrosio-Kirchheim [3], Otsu-Shioya [20] and Sormani-Wenger
[27].
Recently Jaramillo et al [13] applying work of Mitsuichi [17] proved that n dimensional
closed oriented Alexandrov spaces (X, d) can be endowed with a n dimensional integral
current structure T with weight one and no boundary such that (X, d, T ) is a n dimensional
integral current space. This shows the existence of sequences of integral current spaces
as in Theorem 0.1. Any compact oriented n dimensional Riemannian manifold (M, g) can
easily be endowed with a current structure T coming from the orientation of M such that
(M, dg, T ) is a n dimensional integral current space with weight one and ∂T = ∅ if ∂M = ∅.
Honda defined orientability for metric spaces (X, d) arising as (pointed) Gromov-Hausdorff
limits of oriented manifolds with a uniform Ricci lower bound. Using the orientation on
(X, d), when the limit space is non collapsed, he shows that there is a current T on X such
that (X, d, T ) is an integral current space with weight one and no boundary [12]. Hence,
obtaining integral current spaces as in Theorem 0.1 in the case the limit space comes from
noncollapsing sequences of closed oriented manifolds with sectional curvature uniformly
bounded.
We conjecture that for oriented compact Alexandrov spaces with boundary and non-
negative curvature Theorem 0.1 also holds replacing ∂T j = 0 by ∂(X j, d j, T j) is a n − 1
dimensional integral current space with weight 1 and set(∂Tj) = ∂Xj.
This article is organized as follows, in Section 1 we give the definition of Alexandrov
spaces and state the Bishop-Gromov Volume Comparison theorem for them. In Section 2
we review Gromov-Hausdorff convergence of sequences of Alexandrov spaces. In Section
3 we define integral current spaces. In Section 4 we cover intrinsic flat distance. In Section
5, we calculate upper estimates for the mass of the currents and then prove Theorem 0.1. In
Appendix A, we show that the filling volume of the standard n dimensional integral current
space coming from a n dimensional sphere of radius r > 0 in Euclidean space equals rn
times the filling volume of the n dimensional integral current space coming from the n
dimensional sphere of radius 1.
We would like to thank Yuri Burago for pointing out the key theorems needed from
AlexandrovGeometry: theorems reviewed in the tenth chapter of his textbook with Dimitri
Burago and Sergei Ivanov [4]. We also would like to thank Christina Sormani for all her
suggestions. We thank the ICMS for the Summer School for Ricci curvature: limit spaces
and Kahler geometry where we began the project. We also thank the Fields Institute where
we finalized this project. The second author thanks the MSRI for having her as a visitor,
the Stony Brook Math Department for the Summer Research Award granted to her, and J.
Portegies for his insightful remarks.
1. Alexandrov Spaces
For equivalent definitions and further information see Alexander-Kapovitch-Petrunin
[2] and Burago-Burago-Ivanov [4].
LetMnκ denote the n dimensional complete simply connected space of constant sectional
curvature equal to κ. Given three points a, b and c in a length metric space X, the triangle
△κa˜b˜c˜ ⊂ Mnκ that satisfies
(1.1) d(a, b) = d(a˜, b˜), d(a, c) = d(a˜, c˜) and d(b, c) = d(b˜, c˜)
is called a comparison triangle. We denote by ∡˜κ(a
b
c) the angle of △κa˜b˜c˜ at a˜.
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Definition 1.1 (From [5]). A complete length metric space X is said to be an Alexandrov
space of curvature greater or equal than κ if for any x ∈ X there exists an open neigh-
borhood Ux such that for any four points p, a, b, c ∈ Ux the quadruple condition holds.
Namely,
(1.2) ∡˜κ(p
a
b) + ∡˜κ(p
a
c) + ∡˜κ(p
b
c) ≤ 2π.
We denote by Alexn(κ) the class of Alexandrov spaces with curvature bounded from below
by κ and Hausdorff dimension ≤ n and set Alex n(κ,D) = {X ∈ Alexn(κ) | diam(X) ≤ D}.
The following Proposition appears as a comment in Section 10.1 in [4].
Proposition 1.2. Let Dκ < diam(M
n
κ)/2. The function Fκ : (0,Dκ)
3 → R given by
(1.3) Fκ(d1, d2, d3) = ∡˜κ(a˜
b˜
c˜),
where a˜, b˜, c˜ ∈ Mnκ such that
(1.4) d(a˜, b˜) = d1, d(a˜, c˜) = d2 and d(b˜, c˜) = d3
is continuous.
Proof. There exists a geodesic triangle inMnκ with length sides d1, d2, d3 provided d1+d2+
d3 < 2Dκ. Hence, Fκ is well defined. To see that it is continuous, it is enough to recall the
law of cosines for κ = 1, 0,−1,
(1.5) cos(d3) = cos(d1) cos(d2) + sin(d1) sin(d2) cos(∡˜1(a˜
b˜
c˜)),
(1.6) d23 = d
2
1 + d
2
2 − 2d1d2 cos(∡˜0(a˜ b˜c˜))
and
(1.7) cosh(d3) = cosh(d1) cosh(d2) − sinh(d1) sinh(d2) cosh(∡˜−1(a˜ b˜c˜)).
These functions are continuous as functions of (d1, d2, d3) and the functions that multiply
cos(∡˜k(a˜
b˜
c˜)) are never zero for di ∈ (0,Dκ). This concludes the proof. 
Burago-Gromov-Perelman proved that Bishop-Gromov Volume Comparison holds for
Alexandrov spaces.
Theorem 1.3 (Burago-Gromov-Perelman, 10.13 in [5], c.f. Theorem 10.6.6 in [4]). Let X
be a n dimensional Alexandrov space of curvature ≥ κ. Let Vn,κ(r) denote the volume of a
ball of radius r inMnκ . Then for all x ∈ X the function,
(1.8) r 7−→ H
n(Br(x))
Vn,κ(r)
,
is non-increasing.
2. Gromov-Hausdorff Convergence of Alexandrov Spaces
Given a complete metric space Z, the Hausdorff distance between two subsets A and B
of Z is given by
(2.1) dZH (A, B) = inf{ε > 0 | A ⊂ Tε (B) and B ⊂ Tε (A)},
where Tε (A) denotes the ε-tubular neighborhood of A.
The Hausdorff distance is generalized to metric spaces (Xi, di) in the following way.
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Definition 2.1 (Gromov). Let
(
Xi, dXi
)
, i = 1, 2, be two metric spaces. The Gromov-
Hausdorff distance between them is defined as
(2.2) dGH (X1, X2) = inf{dZH (ϕ1 (X1) , ϕ2 (X2))}
where the infimum is taken over all complete metric spaces Z and all isometric embeddings
ϕi : Xi → Z.
The function dGH is symmetric and satisfies the triangle inequality. It becomes a dis-
tance when restricted to compact metric spaces. The following compactness theorem is
due to Gromov.
Theorem 2.2 (Gromov). Let (X j, d j) be a sequence of compact metric spaces. If there exist
D > 0, and N : (0,∞)→ N such that for all j
(2.3) diam(Xj) ≤ D
and for all ε there are N(ε) ε-balls that cover X j, then a subsequence of X j converges to a
compact metric space (X∞, d∞) in Gromov-Hausdorff sense,
(2.4) (X jk , d jk )
GH−→ (X∞, d∞).
In [8] Gromov proved that if a sequence of compact metric spaces X j converges in
Gromov-Hausdorff sense to X∞ then there is a compact metric space Z and isometric em-
beddings ϕ j : X j → Z such that for a subsequence
(2.5) dZH(ϕ j(X j), ϕ∞(X∞)) → 0.
Thus we say that a sequence of points x j ∈ X j converges to x ∈ X∞ if ϕ j(x j) converges to
ϕ∞(x) in Z.
Recall that Alexn(κ,D) denotes the class of Alexandrov spaces with curvature ≥ κ,
diameter ≤ D and Hausdorff dimension ≤ n. Gromov’s compactness theorem can be
applied to prove convergence of sequences of Alexandrov spaces.
Theorem 2.3 (Burago-Gromov-Perelman, 8.5 in [5]). Let X j be a sequence of compact
Alexandrov spaces contained in Alexn(κ,D). Then there is a subsequence X jk and a com-
pact Alexandrov space X ∈ Alexn(κ,D) such that
(2.6) X jk
GH−→ X.
Theorem 2.4 (Burago-Gromov-Perelman, 10.8 in [5], cf. Corollary 10.10.11 in [4]). Let
X j be a sequence of Alexandrov spaces contained in Alex
n(κ,D) that converges in Gromov-
Hausdorff sense to X. Then lim j→∞Hn(X j) = 0 if and only if dimH X < n.
Let X be a n dimensional Alexandrov space and x ∈ X. If for any ε > 0 there is r > 0
such that
(2.7) dGH(Br(x), Br(0)) < εr,
where Br(x) denotes the ball in X of radius r centered at x and Br(0) the ball in R
n of radius
r centered at 0, then x is called a regular point of X. We denote by R(X) the set of all
regular points of X.
Theorem 2.5 (Corollary 10.9.13 in [4]). Let X be a n dimensional Alexandrov space. Then
R(X) is dense in X.
Theorem 2.6 (Otsu-Shioya, Theorem A in [20]). Let X be a n dimensional Alexandrov
space. Then X \ R(X) has Hausdorff dimension less or equal than n − 1.
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Equivalently, x is a regular point of X if for each δ > 0 there is a (n, δ) strainer for x. A
(n, δ) strainer is a collection of points {(ai, bi)}ni=1 ⊂ X × X that for i , j
(2.8) ∡˜κ(x
ai
a j
) > π/2 − δ, ∡˜κ(x bib j ) > π/2 − δ, ∡˜κ(x
ai
b j
) > π/2 − δ
and, for all i
(2.9) ∡˜κ(x
ai
bi
) > π − δ.
Lemma 2.7. Let X be an Alexandrov space and {(ai, bi)}ni=1 a (n, δ) strainer for x ∈ X.
Then, there is ε > 0 such that if x′, a′
i
, b′
i
∈ X, i = 1, ..., n, satisfy
|d(a′i , a′k) − d(ai, ak)| < ε(2.10)
|d(b′i , b′k) − (bi, bk)| < ε(2.11)
|d(a′i , b′i) − d(ai, bi)| < ε(2.12)
|d(x′, a′i) − d(x, ai)| < ε(2.13)
|d(x′, b′i) − d(x, bi)| < ε,(2.14)
then {(a′
i
, b′
i
)}n
i=1
is a (n, δ/2) strainer for x′.
Proof. Apply Proposition 1.2 several times and that {(ai, bi)}ni=1 is a (n, δ) strainer for x ∈ X
to get ε > 0 such that for points x′, a′
i
, b′
i
∈ X, i = 1, ..., n satisfying the hypotheses, then
for i , k
Fκ(d(x
′, a′i), d(x
′, a′k), d(a
′
i , a
′
k)) =∡˜κ(x
′ a′i
a′
k
) > π/2 − δ/2(2.15)
Fκ(d(x
′, b′i), d(x
′, b′k), d(b
′
i , b
′
k)) =∡˜κ(x
′ b′i
b′
k
) > π/2 − δ/2(2.16)
Fκ(d(x
′, a′i), d(x
′, b′k), d(a
′
i , b
′
k)) =∡˜κ(x
′ a′i
b′
k
) > π/2 − δ/2(2.17)
Fκ(d(x
′, a′i), d(y, b
′
i), d(a
′
i, b
′
i)) =∡˜κ(x
′ a′i
b′
i
) > π − δ/2.(2.18)

Given a (n, δ) strainer {(ai, bi)}ni=1 define f : X → Rn by
(2.19) f (x) = (d(x, a1), ..., d(x, an)).
Theorem 2.8 (Proposition 10.8.15 and Theorem 10.8.18 in [4]). Let X be a n dimensional
Alexandrov space and {(ai, bi)}ni=1 a (n, δ) strainer for x ∈ X with δ ≤ 1/100n. Then there
exists U ⊂ X open, x ∈ U, such that for all y ∈ U
(1) {(ai, bi)}ni=1 is also a (n, δ) strainer for y
(2) for some l > 0 and all i, d(y, ai), d(y, bi) > l.
Furthermore, for any neighborhood U of x that satisfies (1) and (2), f |U : U → f (U) is a
bilipschitz function with Lip( f ) ≤ √n and Lip( f −1) ≤ 500n.
We combine the previous results to obtain a sequence of bilipschitz functions.
Lemma 2.9. Let (X j, d j) ∈ Alexn(κ,D) be a noncollapsing sequence of compact Alexan-
drov spaces that converges in Gromov-Hausdorff sense to X. Let x ∈ R(X), then there exist
a sequence of points x j ∈ X j → x, r0 > 0, open sets W j ⊂ Rn and bilipschitz functions
(2.20) f j : Br0(x j) → W j
such that Lip( f j) ≤ L, Lip( f −1j ) ≤ L.
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Proof. Take δ ≤ 1/200n. Since x ∈ R(X) there exist a (n, 1/200n) strainer {(ai, bi)}ni=1 for x
and a function f : U → W given by
(2.21) f (x) = (d(x, a1), ..., d(x, an)),
where U satisfies (1) and (2) of Theorem 2.8.
By Gromov’s embedding theorem we can assume that all X j are contained in a compact
metric space (Z, d) in which they Hausdorff converge to X,
(2.22) dZH(X j, X) < ε j such that ε j ↓ 0.
Thus, there exist x j ∈ X j and {(a ji , b ji )}ni=1 ⊂ X j × X j such that d(x j, x) < ε j, d(a ji , ai) < ε j
and d(b
j
i
, bi) < ε j. Define f j : X j → Rn by
(2.23) f j(x) = (d(x, a
j
1
), ..., d(x, a
j
n)).
We claim that there is r0 > 0 such that for j big enough each {(a ji , b ji )}ni=1 satisfies
conditions (1) and (2) of Theorem 2.8 with U = Br0(x j). First we show that there is r > 0
such that for j big enough, {(a j
i
, b
j
i
)}n
i=1
is a (n, 1/100n) strainer for all y ∈ Br(x j). To obtain
the estimates needed we apply Lemma 2.7. By the triangle inequality,
|d(a j
i
, a
j
k
) − d(ai, ak)| ≤ d(a ji , ai) + d(ak, a jk) < 2ε j(2.24)
|d(b j
i
, b
j
k
) − (bi, bk)| ≤ d(b ji , bi) + d(bk, b jk) < 2ε j(2.25)
|d(a j
i
, b
j
i
) − d(ai, bi)| ≤ d(a ji , ai) − d(bi, b ji ) < 2ε j.(2.26)
Since U is open and x ∈ U, take B2r(x) ⊂ U. By equation (2.22), for y ∈ Br(x j) there
exist y′ ∈ X such that d(y, y′) < ε j. By the triangle inequality, d(y′, x) ≤ d(y′, y)+d(y, x j)+
d(x j, x) < r + 2ε j. Thus y
′ ∈ Br+2ε j(x) and
|d(y, a j
i
) − d(y′, ai)| ≤ d(y, y′) + d(a ji , ai) < 2ε j(2.27)
|d(y, b j
i
) − d(y′, bi)| ≤ d(y, y′) + d(b ji , bi) < 2ε j.(2.28)
Since ε j ↓ 0 we can take j big enough such that Br+2ε j(x) ⊂ B2r(x), thus y′ ∈ B2r(x) ⊂ U.
Since y′ ∈ U, from condition (1) of Theorem 2.8, {(ai, bi)}ni=1 is a (n, 1/200n) strainer for
y′. Then by Lemma 2.7, for j big enough {(a j
i
, b
j
i
)}n
i=1
is a (n, 1/100n) strainer for y. This
shows that for j big enough, condition (1) of Theorem 2.8 is satisfied for any y ∈ Br(x j).
To prove that condition (2) holds we choose r0 ≤ r in the following way. Let m =
min1≤i≤n{d(x, ai), d(x, bi)}. Recall that (2) of Theorem 2.8 holds for {(ai, bi)}ni=1. Then,
m > l > 0. Define
(2.29) r0 = min{ 12 (m − l), r} > 0.
Take y ∈ Br0(x j). Using the triangle inequality, the definition of r0 and, d(x, ai) > m,
d(x j, x) < ε j and d(a
j
i
, ai) < ε j for all i, j, we obtain
d(y, a
j
i
) ≥ d(x, ai) − d(y, x j) − d(x j, x) − d(ai, a ji )(2.30)
≥ m − 1
2
(m − l) − 2ε j = l + 12 (m − l) − 2ε j.(2.31)
Thus, for j big enough d(y, a
j
i
) > l for all y ∈ Br0(x j). Hence, for j big enough condition
(2) of Theorem 2.8 is satisfied with {(a j
i
, b
j
i
)}n
i=1
as (n, δ) strainer of x j and Br0(x j) as its
neighborhood. The proof finishes applying Theorem 2.8. 
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3. Integral Current Spaces
In this section we review integral current spaces as presented in Section 2 of Sormani-
Wenger [27]. We refer to their work for a complete exposition of integral current spaces.
For readers interested in integral currents we refer to Ambrosio-Kirchheim’s paper [3] and
[27] for integral current spaces.
Let Z be a metric space. We denote byDm(Z) the collection of (m+1)-tuples of Lipschitz
functions such that the first entry function is bounded:
(3.1) Dm(Z) = {( f , π) = ( f , π1..., πm) | f , πi : Z → R Lipschitz and f is bounded} .
Definition 3.1 (Ambrosio-Kirchheim). Let Z be a complete metric space. A multilinear
functional T : Dm(Z)→ R is called an m dimensional current if it satisfies:
i) If there is an i such that πi is constant on a neighborhood of { f , 0} then T ( f , π) = 0.
ii) T is continuous with respect to the pointwise convergence of the πi for Lip(πi) ≤ 1.
iii) There exists a finite Borel measure µ on Z such that for all ( f , π) ∈ Dm(Z)
(3.2) |T ( f , π)| ≤
m∏
i=1
Lip(πi)
∫
Z
| f | dµ.
The collection of all m dimensional currents of Z is denoted byMm(Z).
Definition 3.2 (Ambrosio-Kirchheim). Let T : Dm(Z) → R be an m-dimensional current.
The mass measure of T is the smallest Borel measure ‖T‖ such that (3.2) holds for all
( f , π) ∈ Dm(Z).
The mass of T is defined as
(3.3) M (T ) = ||T || (Z) =
∫
Z
d‖T‖.
The most studied currents come from pushforwards and Example 3.5.
Definition 3.3 (Ambrosio-Kirchheim Defn 2.4). Let T ∈ Mm(Z) and ϕ : Z → Z′ be a
Lipschitz map. The pushforward of T to a current ϕ#T ∈Mm(Z′) is given by
(3.4) ϕ#T ( f , π) = T ( f ◦ ϕ, π1 ◦ ϕ, ..., πm ◦ ϕ).
Example 3.4 (Ambrosio-Kirchheim). Let h : A ⊂ Rm → Z be an L1 function. Then
[h] : Dm(Rm) → R given by
(3.5) [h] ( f , π) =
∫
A⊂Rm
h f det (∇πi) dLm
is an m dimensional current with ||T ||(A) =
∫
A
|h|dLm.
Example 3.5 (Ambrosio-Kirchheim). Let h : A ⊂ Rm → Z be an L1 function and ϕ :
R
m → Z be a bilipschitz map, then ϕ#[h] ∈Mm(Z). Explicitly,
(3.6) ϕ#[h]( f , π1, ..., πm) =
∫
A⊂Rm
h ( f ◦ ϕ) det (∇(πi ◦ ϕ)) dLm.
Remark 3.6. ∇πi, ∇(πi ◦ ϕ) are defined almost everywhere by Rademacher’s Theorem.
Now we are ready to define integer rectifiable currents.
Definition 3.7 (Definition 4.2, Theorem 4.5 in Ambrosio-Kirchheim [3]). Let T ∈Mm(Z).
T is an integer rectifiable current if it has a parametrization of the form ({ϕi}, {θi}), where
i) ϕi : Ai ⊂ Rm → Z is a countable collection of bilipschitz maps with Ai precompact
Borel measurable sets with pairwise disjoint images
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ii) θi ∈ L1 (Ai,N) and the following equations are satisfied
(3.7) T =
∞∑
i=1
ϕi#[θi] and M (T ) =
∞∑
i=1
M
(
ϕi#[θi]
)
.
The space of m dimensional integer rectifiable currents on Z is denoted by Im (Z).
We note that in the previous case the mass measure of T can be rewritten as
(3.8) ||T || =
∞∑
i=1
||ϕi#[θi]||.
We define the boundary operator and the canonical set of a current.
Definition 3.8 (Ambrosio-Kirchheim). An m dimensional integral current is an integer
rectifiable current, T ∈ Im(Z), such that ∂T defined as
(3.9) ∂T ( f , π1, ..., πm−1) = T (1, f , π1, ..., πm−1)
is a current. We denote by Im (Z) the space of m dimensional integral currents on Z.
Definition 3.9 (Ambrosio-Kirchheim). Let T ∈Mm(Z), the canonical set of T is the set
(3.10) set (T) = {p ∈ Z : Θ∗m (‖T‖, p) > 0},
where Θ∗m (‖T‖, p) is the lower m dimensional density of ‖T‖ at p ∈ Z.
(3.11) Θ∗m (‖T‖, p) = lim inf
r→0
‖T‖(Br(p))
ωmrm
.
Here ωm denotes the volume of the unit ball in R
m.
Definition 3.10 (Sormani-Wenger). We say that (X, d, T ) is an m dimensional integral
current space if either (X, d) is a metric space and T ∈ Im(X)with set (T) = X or (X, d, T ) =
(∅, 0, 0).
We say that (∅, 0, 0) is the zero integral current space and denote it by 0. Moreover, we
denote byMm the space of m dimensional integral current spaces and byMm
0
the space of
m dimensional integral current spaces whose canonical set is precompact.
Ambrosio-Kirchheim proved in [3] that if T ∈ Im (Z) then set(T) is a countably Hm
rectifiable metric space. Hence, for any m dimensional integral current space (X, d, T ), X
is countablyHm rectifiable. Ambrosio-Kirchheim also characterized the mass measure.
Definition 3.11. Let T ∈ Im (Z) with parametrization ({ϕi}, θi). Then the function θT :
Z → N ∪ {0} given by
(3.12) θT =
∞∑
i=1
θi ◦ ϕ−1i 1ϕi(Ai)
is called the weight of T .
Lemma 3.12 (Ambrosio-Kirchheim). Let T ∈ Im (Z). Then there is a function
(3.13) λ : set(T)→ [m−m/2, 2m/ωm]
such that
(3.14) Θ∗m(||T ||, x) = θT (x)λ(x)
forHm almost every x ∈ set(T) and
(3.15) ||T || = θTλHm set(T),
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where ωm denotes the volume of an unitary ball in R
m and θT is the weight of T as in
Definition 3.11.
4. Intrinsic Flat Convergence
In this section we give the definition of intrinsic flat distance between integral current
spaces and state various intrinsic flat convergence theorems. Most of the results stated here
can be found in [27].
Let S i ∈ Im(Z), i = 1, 2, then the flat distance between them is given by
(4.1) dF (S 1, S 2) = inf{M (U) +M (V)},
where the infimum is taken over all integral currents U ∈ Im (Z) and V ∈ Im+1 (Z) such that
(4.2) S 1 − S 2 = U + ∂V.
Definition 4.1 (Sormani-Wenger). Let (Xi, di, Ti) ∈ Mm. Then,
(4.3) dF ((X1, d1, T1), (X2, d2, T2)) = inf dZF (ϕ1#T1, ϕ2#T2) ,
where the infimum is taken over all complete metric spaces, (Z, d), and all isometric em-
beddings
(4.4) ϕi :
(
X¯i, di
)
→ (Z, d) .
Note that in this definition we also include the zero integral current space 0. Its current, 0,
isometrically embeds into any Z as ϕ#0 = 0 ∈ Im (Z).
If one of the integral currents spaces is the zero integral current space, say (X2, d2, T2) =
0, we can choose V = 0 and U = T1. Then by definition
(4.5) dF ((X1, d1, T1), 0)) ≤M (T1) .
This estimate will be used in the proof of Theorem 0.1 to calculate the lower n dimensional
density of ‖T‖ at points in the Gromov-Hausdorff limit space.
In Theorem 3.27 of [27] is proven that dF is a distance on the class of precompact
integral currents spaces,Mm
0
.
Theorem 4.2 (Sormani-Wenger). Let (X j, d j, T j) be a sequence of m dimensional integral
current spaces. If there exist D, M and N : (0,∞)→ N such that for all j
(4.6) diam(Xj) ≤ D, M(Tj) +M(∂Tj) ≤ M
and, for all ε there are N(ε) ε-balls that cover X j, then
(4.7) (X jk , d jk )
GH−→ (X, d) and (X jk , d jk , T jk )
F−→ (Y, dY , T ),
where (Y, dY , T ) is an m dimensional integral current space either equal to 0 or Y ⊂ X.
Remark 4.3. When we apply Theorem 4.2 we generally consider that all the spaces are
embedded in a complete metric space. This assumption comes from its proof. Sormani-
Wenger applied Gromov’s embedding theorem [8] to obtain a complete metric space Z and
isometric embeddings ϕ j : X j → Z, ϕ : X → Z such that for a subsequence
(4.8) dZH(ϕ j(X j), ϕ(X))→ 0.
Then they show that a further subsequence satisfies
(4.9) dZF(ϕ j#T j, ϕ#T ) → 0.
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Given T ∈Mm(Z) and a Borel set A, the restriction of T to A is a current T A ∈Mm(Z)
given by
(4.10) (T A) ( f , π) = T (1A f , π),
where 1A is the indicator function of A. See Definition 2.19 in [27]. The mass of T A is
||T ||(A).
Theorem 4.4 (Sormani [25] ). Let (X j, d j, T j) be a sequence of integral current spaces
such that
(4.11) (X j, d j, T j)
F−→ (X∞, d∞, T∞).
Then for almost all r > 0,
(4.12) (B¯r(x j), d j, T j B¯r(x j))
are integral current spaces.
Lemma 4.5 (Sormani-Wenger [27]). Let (Xi, di) be complete metric spaces and ϕ : X1 →
X2 be a λ > 1 bilipschitz map. If T ∈ Im(X1), then for M1 = (set(T), d1,T) and M2 =
(set(ϕ#T), d2, ϕ#T) the following inequality holds
(4.13) dF (M1,M2) ≤ kλ,mmax{diam(spt T), diam(ϕ(spt T))}M(T)
where kλ,m =
1
2
(m + 1)λm−1(λ − 1).
5. Proof of Theorem 0.1
We describe now the proof of Theorem 0.1. First, from Sormani-Wenger’s theorem,
Theorem 4.2, we obtain a sequence that converges in Gromov-Hausdorff sense to (X, d)
and intrinsic flat sense to (Y, dY , T ). If the intrinsic flat limit is non zero then X has non
zero n Hausdorffmeasure by Ambrosio-Kirchheim’s characterization of the mass measure,
Lemma 3.12. Then we prove that the set of regular points of X, R(X), is contained in Y. If
x is a regular point of X we consider a sequence of points x j ∈ X j → x. Applying Lemma
2.9 we obtain bilipchitz maps from Br0(x j) to W j ⊂ Rn with uniform Lipschitz constants.
The existence of these maps provide an estimate on the intrinsic flat distance between the
integral current spaces defined on Br/L(x j) and f j(Br/L(x j)) (cf. Sormani-Wenger’s lemma,
Lemma 4.5). From these estimates we obtain bounds of the form ||T ||(Br(x)) ≥ C(n, r)rn
such that limr→0C(n, r) > 0. This shows x ∈ Y and thus R(X) is contained in Y. To see
that the singular points of X, X \ R(X), are contained in Y we apply Otsu-Shioya’s result
about the Hausdorff dimension of the singular set of X, Ambrosio-Kirchheim’s characteri-
zation of the mass measure and, Burago-Gromov-Perelman’s Bishop and Bishop-Gromov
Volume Comparison theorems for Alexandrov spaces [5].
We first prove the following lemmas.
Lemma 5.1. Let (X, d) be a n dimensional Alexandrov space equipped with an integral
current structure T with weight equal to one. Then for all r > 0
(5.1) ||T ||(Br(x)) ≤ c(n)Hn(Br(x)).
In particular, if (X, d) ∈ Alexn(κ,D) then
(5.2) ||T ||(X) ≤ C(n, κ,D)
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Proof. By Lemma 3.12,
(5.3) ||T ||(Br(x)) =
∫
Br(x)
θT (x)λ(x)dHn ≤ 2n/ωnHn(Br(x)),
where we used that θT = 1 and λ ≤ 2n/ωn.
To finish the proof, by the Bishop Volume Comparison theorem for Alexandrov spaces
(Theorem 10.2 in [5]) we know that
(5.4) Hn(Br(x)) ≤ Hn(Br(Mnκ)),
where Mnκ denotes the n-dimensional complete simply connected space of constant sec-
tional curvature κ and Br(M
n
κ) a ball inM
n
κ with radius r. 
Lemma 5.2. Let (X, d, T ) be a n dimensional integral current space with weight equal to 1,
θT = 1 and f : X → f (X) ⊂ Rn a bilipschitz map. Then ( f (X), dRn , f#T ) has the standard
current structure,
(5.5) f#T (h, π) = [1 f (X)] (h, π) =
∫
f (X)
h det (∇πi) dLn.
In particular, || f#T || = Ln f (X).
Proof. Since T ∈Mn(X¯) there is a parametrization ({ϕi}, {θi}) as in Definition 3.7, such that
(5.6) T =
∞∑
i=1
ϕi#[1Ai].
Let (h, π) ∈ Dn( f (X)). By the previous equality, the definition of the pushforward of a
current, change of variables in Rn, and the fact that f (ϕi(Ai)) are mutually disjoint,
f#T (h, π) =
∞∑
i=1
f#(ϕi#[1Ai])(h, π) =
∞∑
i=1
∫
Ai⊂Rn
h ◦ f ◦ ϕi det (∇(πi ◦ f ◦ ϕi)) dLn(5.7)
=
∞∑
i=1
∫
f (ϕi(Ai))⊂Rn
h det (∇πi) dLn =
∫
∪ f (ϕi(Ai))⊂Rn
h det (∇πi) dLn.(5.8)
SinceHn(X \ ∪ϕi(Ai)) = 0 and f is Lipschitz,
(5.9) Hn( f (X) \ ∪ f (ϕi(Ai))) ≤ Lipn( f )Hn(X \ ∪ϕi(Ai)) = 0.
Hence,
(5.10) f#T (h, π) =
∫
f (X)
h det (∇πi) dLn.
The claim about || f#T || follows from Example 3.4. 
Proof of Theorem 0.1. By the compactness theorem for Alexandrov spaces, Theorem 2.3,
there is an Alexandrov space (X, d) with nonnegative curvature, diam(X) ≤ D and Haus-
dorff dimension ≤ n and, a convergent subsequence:
(5.11) (X jk , d jk )
GH−→ (X, d).
This, together with the uniform upper bound of ||T j||(X j) given by Lemma 5.1 allow us
to apply Sormani-Wenger’s theorem, Theorem 4.2. Thus, possibly taking a further subse-
quence there is an intrinsic flat convergent subsequence:
(5.12) (X jk , d jk , T jk)
F−→ (Y, dY , T ),
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where either (Y, dY , T ) is the zero integral current space or (Y, dY) can be viewed as a sub-
space of (X, d). If (Y, dY , T ) is the zero integral current space then there is nothing else to
prove.
From now on assume that Y ⊂ X. We have to show that X = Y. Recall that the mass
measure of T , ||T ||, is a finite Borel measure on Y¯ and that by definition of n dimensional
integral current space,
(5.13) Y =
{
x ∈ Y¯ | lim inf
r→0
||T ||(Br(x))
ωnrn
> 0
}
.
To simplify notation we suppose that ||T || is a measure on X, where ||T ||(A) := ||T ||(A ∩ Y¯)
for any Borel set A ⊂ X, and that
(5.14) (X j, d j)
GH−→ (X, d) and (X j, d j, T j) F−→ (Y, dY , T ).
We will first prove that the set of regular points of X, R(X), is contained in Y. We claim
that the Hausdorff dimension of X is n. Since (Y, dY , T ) , 0 is a n dimensional integral
current space, dimH(Y) = n. Hence, n ≤ dimH(X) and by Burago-Gromov-Perelman’s
theorem, Theorem 2.4, dimH(X) ≤ n. Thus, we have our claim.
Let x ∈ R(X). Then by Lemma 2.9 there exist x j ∈ X j, r0 > 0 and bilipschitz functions
f j : Br0(x j) → W j ⊂ Rn with Lip( f j),Lip( f −1j ) ≤ L. By Sormani’s Theorem 4.4, we can
assume that
(5.15) (B¯r0(x j), d j, T j B¯r0(x j))
are n dimensional integral currents spaces. Then
( f j(B¯r0(x j)), dRn , f j#(T j B¯r0(x j))(5.16)
are n dimensional integral currents spaces.
With no loss of generality, assume that f j(x j) = 0 for all j. Let r ∈ (0, r0). Then
recalling that Lip( f −1
j
) ≤ L we get f −1
j
(Br/L(0)) ⊂ Br(x j). Consider the n dimensional
integral current spaces,
M′j(r) = (Br/L(0), dRn, f j#(T j f
−1
j (Br/L(0)))).(5.17)
By Lemma 5.2, the spaces given by (5.16) have the standard current structure of f j(B¯r0(x j)) ⊂
R
n. Hence, the spaces M′
j
(r) do not depend on j,
(5.18) M′(r) = M′j(r) = (Br/L(0), dRn , [1Br/L(0)]).
Define
(5.19) M j(r) = ( f
−1
j (Br/L(0)), d j, T j f
−1
j (Br/L(0))).
Applying Sormani-Wenger’s lemma, Lemma 4.5, we get the following estimate of the
distance between M j(r) and M
′(r),
dF (M j(r),M′(r)) ≤kL,nmax{diam(spt Tj), diam(fj(spt Tj))}M([1Br/L(0)])(5.20)
≤1
2
(n + 1)Ln−1(L − 1)2rωn(r/L)n(5.21)
=ωn(n + 1)L(L − 1)r rn.(5.22)
By Theorem A.4,
(5.23) FillVol(∂M′(r)) = c(r/L)n.
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From the previous inequalities and Portegies-Sormani’s Theorem A.3,
FillVol(∂M j(r)) ≥ FillVol(∂M′(r)) − dF (M′(r),M j(r))(5.24)
≥ c(r/L)n − ωn(n + 1)L(L − 1)r rn(5.25)
=
(
c
Ln
− ωn(n + 1)L(L − 1)r
)
rn.(5.26)
For r sufficiently smallC(n, r) = c
Ln
−ωn(n+1)L(L−1)r is positive. Moreover, limr→0C(n, r) >
0.
Now,M(T j f
−1
j
(Br/L(0))) ≤M(T j) andM(∂(T j f −1j (Br/L(0)))) ≤ Lipn−1( f −1j )M(∂[1Br/L(0)]).
By Sormani-Wenger’s theorem, Theorem 4.2, there is a n dimensional integral current
space (B, d, T B) and a subsequence, denoted in the same way, such that
(5.27) dF
(
M j(r), (B, d, T B)
)
→ 0,
where either (B, d, T B) = 0 or B ⊂ Br(x).
By the continuity of the filling volume with respect to intrinsic flat distance, Theorem
A.3, Theorem A.4 and (5.20),
FillVol(∂ ((B, d, T B)) = lim
j→∞
FillVol
(
∂M j(r)
)
(5.28)
≤FillVol(∂M′(r)) + dF (M′(r),M j(r)) < ∞.(5.29)
Thus (B, d, T B) , 0 and B ⊂ Br(x). Once again, by the continuity of the filling volume
with respect to intrinsic flat distance and (A.1),
||T ||(Br(x)) ≥ ||T ||(B) ≥ FillVol(∂ ((B, d, T B))(5.30)
= lim
j→∞
FillVol
(
∂M j(r)
)
> C(n, r)rn.(5.31)
Thus,
(5.32) lim inf
r→0
||T ||(Br(x))
ωnrn
> 0.
This proves that x ∈ Y. Hence, R(X) ⊂ Y.
To complete the proof, by Ambrosio-Kirchheim’s characterization of the mass measure,
Lemma 3.12 we know that ||T || can be written as ||T || = θTλHn Y where θT : Y¯ → N∪{0}
is an integrable function such that θT > 0 in Y and λ : Y → R is a nonnegative integrable
function bounded below by λ ≥ n−n/2. By Otsu-Shioya’s Theorem 2.6 we know that
Hn(X \ R(X)) = 0. It follows thatHn(Y \ R(X)) = 0. Thus, for x ∈ X
||T ||(Br(x)) =
∫
Br(x)
θT (y)λ(y)dHn Y(5.33)
=
∫
Br(x)∩R(X)
θT (y)λ(y)dHn Y(5.34)
≥ n−n/2Hn(Br(x))(5.35)
≥ n−n/2C(κ, n,D)rn(5.36)
whereC(κ, n,D) = Hn(X)/Dnwhen κ ≥ 0 by Burago-Gromov-Perelman’sBishop-Gromov
volume comparison for Alexandrov spaces, Theorem 1.3. Otherwise, C(κ, n,D) = ωn by
Bishop volume comparison. It follows that lim infr→0 ||T ||(Br(x))/rn > 0. This shows that
X ⊂ Y. 
ON THE SORMANI-WENGER INTRINSIC FLAT CONVERGENCE OF ALEXANDROV SPACES 15
Appendix A. Filling Volume of Spheres in Euclidean Space
Since the mass measure of an integral current space is lower semicontinuous with re-
spect to intrinsic flat distance [27], here we study the notion of filling volume of a current.
See [26]. In TheoremA.4 we see that the filling volume of a n dimensional sphere of radius
r in Euclidean space rescales as rn times the filling volume of the n dimensional sphere in
Euclidean space of radius 1.
Definition A.1. (c.f. [24]) Given an n integral current space M = (X, d, T ), n ≥ 1, define
the filling volume of ∂M = (set(∂T), d, ∂T) , 0 by
(A.1) FillVol(∂M) = inf{M(N) |N = (Y, dY ,U) ∈ Mn, ∂M = ∂N},
where ∂M = ∂N means that there is an orientation preserving isometry between ∂M and
∂N. That is, there exists an isometry ϕ : set(∂T) → set(∂U) such that ϕ♯∂T = ∂U. For
∂M = 0 we set FillVol(∂M) = ∞.
Remark A.2. The infimum in (A.1) is achieved when the space is precompact, see Remark
2.47 in Portegies-Sormani [24]. Moreover, it equals a positive number.
The notion of filling volume given in Definition A.1 is not exactly the same notion
introduced by Gromov [9], howevermany similar properties hold. Gromov’s filling volume
is defined using chains rather than integral current spaces and the notion of volume used
by Gromov is not the same as Ambrosio-Kirchheim’s mass.
From the definition of filling volume and mass it follows that for M = (X, d, T ) ∈ Mn,
(A.2) ||T ||(X) =M(T ) ≥ FillVol(∂M).
The continuity of the filling volume with respect to the intrinsic flat convergence follows
from the following theorem. This fact was first observed by Sormani-Wenger [26] building
upon work by Wenger on flat convergence of integral currents in metric spaces [28].
Theorem A.3 (cf. Portegies-Sormani [24]). For any pair of integral current spaces, Mi =
(Xi, di, Ti),
(A.3) FillVol(∂M1) ≤ FillVol(∂M2) + dF (M1,M2).
Theorem A.4. Let r > 0 and consider the n dimensional integral current space
(A.4) M′(r) = (Br(0) ⊂ Rn, dRn , [1Br(0)]).
Then,
(A.5) FillVol(∂M′(r)) = FillVol(∂M′(1))rn.
Proof. Let s > 0. By Remark A.2 we know that there is a n integral current space N =
(Z, d,U) where FillVol(∂M′(s)) is realized. That is, there exists an orientation preserving
isometry
(A.6) ϕ : set(∂[1Bs(0)]) → set(∂U)
such that
(A.7) ϕ#∂[1Bs(0)] = ∂U
and
(A.8) FillVol(∂M′(s)) =M(U).
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Note that for any t > 0, set(∂[1Bt(0)]) = ∂Bt(0). Define R : ∂Br(0) → ∂Bs(0) by
R(x) = s
r
x and let ι : (Z, d)→ (Z, r
s
d) denote the identity map. We claim that
(A.9) N˜ = (Z, r
s
d, ι#U)
is a n integral current space and that
(A.10) ϕ˜ = ι ◦ ϕ ◦ R : ∂Br(0)→ ι(set(∂U))
is an orientation preserving isometry.
The pushforward of a current is a current and, from the definition of the mass measure
it follows that
(A.11) ‖ι#U‖ ≤ Lip(ι)nι#‖U‖.
Since ι is invertible and Lip(ι−1) = Lip−1(ι), we get
(A.12) ‖ι#U‖ = Lip(ι)nι#‖U‖.
This shows that
(A.13) set(ι#U) = ι(set(U)).
The pushforward and the boundary operator commute, hence ∂(ι#U) = ι#∂U is a current.
Thus, N˜ is a n integral current space. With the same reasoning as before we see that
(A.14) ‖ι#∂U‖ = Lip(ι)n−1ι#‖∂U‖
and
(A.15) set(ι#∂U) = ι(set(∂U)).
Hence, set(∂ι#(U) = ι(set(∂U)).
By definition of pushforward, the definition of R and change of variables in Rn,
(A.16) R#∂[1Br(0)] = ∂[1Bs(0)].
Recalling that N = (Z, d,U) realizes FillVol(∂M′(s)),
(A.17) ϕ˜#∂[1Br(0)] = ι#(∂U) = ∂(ι#U).
This proves that ϕ˜ : ∂M′(r)→ ∂N˜ is an orientation preserving isometry.
Then by (A.12), given that Lip(ι) = r
s
and noting that ι equals the identity function,
(A.18) FillVol(∂M′(r)) ≤M(ι#U) = ( rs )nM(U).
Applying this inequality twice, we conclude that
(A.19) FillVol(∂M′(r)) = ( r
s
)nFillVol(∂M′(s)).
Hence,
(A.20) FillVol(∂M′(r)) = rnFillVol(∂M′(1)).

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